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| GAMMA FUNCTION WITH VARYING D

to introduce a section oan szemral period;.f- funetlons and one on S

a wenerahzation of the Euler-ﬁaclaurin sum formala.

1. fieneral Periodic Tunctions

Let 2 = x + yi*sriiii‘h(z) - p(z)*— iq(2), @J

q(z) are fieSL Then ?(z) is ca" led general rveriodic
h(z), over a domain R, if
1y . fz+h(z) = 7(z)

whenever z and z + h(z) belonz to R.

An example of a general veriodic function is sin 2

h(z) = -z + \/22 +f . Any determnation may be given to; \,7“ 2 + o,

- Other exarmles are eagy to cons‘tmcta

*_ This vaper is nart 9? a general vroject on which the avthor is
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: (‘ﬂe now nlace certain restrictions on h( z) and under these re-

strictions show that 9eneral neriodlc functions with ner:od h( z), o

= k‘The reader can formulata Joth uf'ﬂcient condititmsl A

A sume 0 < € < n( z) and t.hat if z and z are different numbers g
in R them z + h(z) #z + h"’) We now draw the hnes x e,
¥ - 25, eeos X ® DEeos in the comrslex vlane. These 11neq dinde

the rlvbt—hand ha‘lf of the comrﬂ ex nlane into stripso we now

,\';‘k,other than constant.s, axist.‘ These restrictions are not necessary, e

assivn va‘!ues to £ z) at a‘n roints of the strin 0<x< e, Frnm £l |

these va'lues det.emﬁ.ne“ ‘

"'of the st.nn e<x < 23 assim’k it

/ nts as desired. Now determine f(i)
for the pclnts of the str::p 5 % < x < 3:; fro'n its values on the
strip £ < x< 25 by (1) 80 far as is 'poss:tble and so far as .
f(z) has not,already been determ ned by the ppints of the strip

0< X < e. If there" exist mw ﬁoints of t.he' strio ” 2 <x< 3

where f( z) hes not been deﬁ,ned we assirn values to f( z) at these‘ o

noints as desired We ncw eonsider the strin Fe < x < he. Sn

“ far as f( z) ean novt be. def‘ined“at. uomts of this s’rrin f‘rom its
’values on the strwp 0 < x < 35 we assinm f‘( z) valves at theqe
,nnints as desired. We continue to T:roceed in this manner until
£(2) is de{'iged ?t-ial{‘nnints’ of t.he half ol ane x :09 It ‘i‘s

himedi'é-te‘i;hai flz) is o‘éneral neriodic with neriod hfz) over this

z) + h’z) by equation (1) If f(z) 15 Bl




haif plane, It is in genei-ali c;]i,scc:rrt.i.l:mmxs‘>

2. The Euler—}'aclaurin"ﬁ’ormia"‘,

Let h(x) be nosit:_ve rea‘l and x + h(x) monoton:.c 1mreass.ng
wlth x, Now let x, =X, X, = x.l+ h(xl), ooy X n«i * h(x 1)

- Then let xnl x1 = h (x) Theé hn(x)’ = hn_l(x) + h(xnd) and ,

h (x) - E h(xi) In the work which follows B (x)‘ is the

Rernoulli nolynomal of order n, also B, (x) is the function with

period 1 coincidmrr with B (X) over the interval {0 1] Ve also
let B, be the Berncul’h. gsmber of order n and Qn(x) =B (x) ﬁ&

M

Qn(x) -'Eg(x) - B. Ve

other nrﬂt\erties of the ﬂernoul‘!i no’lynomials and numbers see, for

)f that E Bn(X) - ﬂ 1 ) Tor

examnle, Fort, Chanter TII e now write down

1 'B(w«t') ()
(2) -R(a) =h "( a) T—— (a + h(a)t)dt
0

¢

Carryine ovt certain onerations on thie as exrlained in dai_;aii in

Fort, nace ‘:1 we arrive at the formula,
a+h(a)

(3) ‘-F(a"'ﬂbl(a))"—rj-——f F(t.)dt-l—‘

E_.h"l( ) ) F‘V"l) (a)

: B = ) '
- #%a) j --!';:-,';- #™(a + by(a)t) at.
’0




Here & I?(v'l)(a) - F(v 1)(3 + h(a) (v"]')(a)
The narenthetica1 sunerscnots denote differentistion. Formula

ot 3) is the basic Euler—Mac‘lavrin fo""“l13° .

wa let w = 0, m = 2k vN’ote f,hat Q{1 = £) = 0y (¢) and
that R?k-’l = O when ¥ > 1. We then let a eqral successively

Xqs Xpe ooy Xp and sum, We‘ vet, Iet.tinq k> 1

| *3 2.2 B
() == Fxhxy) - Z’Lf T R i = 24 F“'ﬂl)(x W)

i=1 jel vel
- g\ (2 () é—; F2)x, + nox )0 (x ) Jat.
RS DT B e AL

Denote the last expression byA-R;'];. We have
(5 B, = -k 0,8 = FP(x, + nix,)0)n2 Y, ) lat
2 S ¢: 31 Qu't) 2 x; * hixy X5

0 s L

Simé Q2k(t) retains the sar'nej‘_siép over the interval (0, 1) we can

anply 't.he ;‘i-rst Taw of the méan' :'t‘o_r', inteo:rals./ﬁ; cet

R%k' (- Ssz(t)dt] -@1137 % wk)fx + e(x,n)h(xi))hzk 1( 1)’

0<0<l. Bub Qult) =gy Oppuq(¥) - By
1 ' |
Hence g Qy(t)dt = - B, . Hence -

. . +
O Bk, = (2“?x’+e(x aIn(xg) WP

)
Ly !
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by parts twice. UWe obtain

jusl

1 kT
i ,'“2 g\

t) <0, O0<t< 1, We now cons

- L3 -~ - P kS
ains the gamz sirsn when t > O and

>0 ant 3% 2, 3, ose We note that
] [PV S T ¥
B el:ld i
- sz o ang vhst
ider (5) and intecrate

n
(7 Rék * o (FEBVT = E {Xi}u (Xi)

ul

~
I

COSovaz

1
1 e

0

Vow if 4 = B+ £ and AC <

B i
(8) 1 k-2

Rox ™ o9yt ° ?;—1
We, of course, sssume the

any formula.

Y -
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existence of all derivatives thst

If we advance k by 1 we

) n

enter



Yamma Fonction

We shall selve the iffspence

A ulx) 2

10 - - =  An ¥, ®
(10) == 3 s

Here Aul{x) = vix + Hx)) -
We shall reguire  thet 0= ¢
* & function that satisfies

oSO
To show that ==
=1

e ld

-

x+1-=-1<zx,
i

b4

G

gguation
> =0
i)

0 BT T R mesel T meee
< hix} < T wnare ¢ &na fooare
these et ig
these conditions is
+ e, 0t g2

pe - =

123 .
(An xi) AN h(xi) converses note that

kY A - J
I:{X o - [ P i(_,"}‘ )
XHiel + —s
pid

5 -
(x +1i -1}
. - i -1 7 . ; 1 Vi . -
zgn % < ,é)n(x *i.lr Yy o= Aalx + (1)1 + EE) < Aalx » 201 -~ 7)
if x> 1. Henze -
< ’,? i 7. 5, ’
; . . e . Eniv - 203-1))Y 1. 1
(fn Xij P4y h(xi; < {1 4 =7 : 2 < (TL i —"«Mvm**-wz:?;;m
- {x + 1 - 1) (v 1 - 1)
7 AR 1 Thig i3 Lhe conmal e AT 6 GoTRre soTh
< (1 % =) - a/» o This is th» eeneral terr ol & conversent
A3 J“: ~ 1’;. <
' o P
Y <5 £ ' 2 . e s e
serics of constants, Jonseqrently <= {#n x, 34 afx,) converees
421 < =

v >1,
L3

vniformly,



20
constants, We shall also recuire that =o (/v{)n %) 4 hix)

inl * *

converce uniformly x » g, Ws note that

A h(xi) = hix, + h{x.l)) - h(xi) = h{xiﬂ) - hix.)

Tt will be noticed that, althoush the work is vritten for

n x, we csn renlace An = by T{x) with only trivial modifica-

)(:{) erist and retain the same :

tions if we require that T v gl.en
:’2: K
vhen x > 1 and thet F “)"x) 729 “{x) >0 when 1< j<k sud

ok
that = T«’(xi) 2 h(}:i) converse uniformly when X > ¢ and thal
i=]

Av) (v-1) o s .
Froi(x) x avorosches 0 when % becomss infinite, v = 1, 2, ...

o0
Theorem: If ZZ_ ( Zn :«:i)A h(xi) conver~es ard if 0 < ¢ < Wx) < ®

i=1
whers ¢ and T are constunts, then
b4
n+l n . 1.
{11) ,.é"r:‘: oy A n z ) nlx) = 2L n =z Ohix L}
» ps 1 £ ﬂ+1 i
i=1
i
has a limit &s x becomes irfinite and the first difference of this

1imit is (£ n x)h(x).

We shall call this limit Lp n H{x). Ve are to prove

A ax) - #nalx + nx) - *‘ﬂn a(x) . AfL -
h(x) hix) ”

A

Proof: We rewrite the Tuler formula, revlacineg Wz} by~ n x and

chansine signs throushout the eguation, ¥We use Forrmlz (6) for



§
i

the rewrainder.

X .
n+l n n 2k=2
»‘ ,v;’;‘ . Sy ——
112) j nt dt - =2 _ (4« X, )h(xi) - =
i=1 - i~} 7=

¢} .
2K > Aﬂn(zk}(’::
im1

i

Ca

onsider tre lasti sum which we

B = I

XL 2= {2k - 1) i Bz, )
i X
£,

We call attention to the ineguality 0« 2 <

% G_‘:a

e s i 1
B) T <3 oy
i=1 x| i=1 (x + {:-1)el”

: gerieg converves when F > 1, which we sssvme, 1
¥

that when n —-m =2 R"k aprroachss a fenction of. x de
“

oY

inxz when x2>¢ > 0. Th

45}

Cormly converrent serie

o]
o
o
e
4y

aoproaches zero when x be-omes infi

YWe now consider the sum

t follows
fined by
is fumzstion

nite.



[ dd

53 ] = -En.g i ;;? - :-;-2——J h \Y:
Liﬂ “i
n B . a7
s = = «L‘ {2-; - / 'z.h"z
el 133 5 B
[T e

n B
2k-2 (2k - Wyt (2K - U"’? R ()

ok-2 T == 2k-3 T 2k-3
i=1  {2k-2)! % Xy —

Now let n bscome infinite. Esch of the rows abovs bsccmes z2n

Since 0 < c < hix) <FE

h3(x ;) B B y

““?""’4 S xeeci-M? % -7

Consegrently when n bacorzs infinite §, becomes a vniform’y cone
[4
vercent series in x when x > ¢ = J., Clearly S,...... S?? ezn
) Ay

be treated oreciszely as S? with the sawz resulit.

O



N

Vsl
o g 7 B by . N
since == { £ nx, )4 hix,) converses by hvpothevis znd sincs on
'y 1 4.

on accountt of the boundedness of h, - goyrcaches 1.

!
We now add |
}

remains in the right member of (12)

O

te. The left

[

comas infin

We have

x

n+l n " -

:?m-, gt - {frz x, 0hiz.) « Lo x thix_ ) =
rg F 3
i i 4 +1 nel

3=
1 ix1

i -_f_ 5 1 s N v
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i By {2%) kel
B ™ 21;» ?i[fn (x, + enlx, NI Hx, ),

Ye now shzll show that /n {x) satisfies (70), cansider
(11) which we treat in thres naris.

/Krl-t-l P - Y
(a) A ) Fut Gt = 5 P {3‘:%_.);3 - an,, 7 7 5

It v
1 LY
A s p
whers ¥ .4 < f X0
"’ v ,'/ .
(v) A (- 5:; (/n % )hlx Y= - {Fn Xp o 1003, _.L}‘) # Ly iz )

i=1

i
o
;\
L2

@ A& -3 fax nx )]

Lo =
+ h(xm—?) AL nz ]

We now considsr these three resulis., Feom {5 angd (b}
¢ 7 4 S & 4 Yy R
( A ? = . A N¥X 14’1)?&]{&.{)-@ i = 3 ‘& DS j‘u?"’i )h“\}.n‘frij . WEre
nvl n+l ?i’; ;
Ve F $mes Wis) 4 wridad i 3
1< < Since hfx) is beunded and ey S BT

aporoaches zero gince it is the general term of & convergzi series.

Also hix +2) A 7 n(xnﬂ) anproaches zero since hix) is bouanded
1 P 1 -

y {x - = = "y . = ., ¥We now tobal

and A ¢ -.ﬂ n xml) = {x_., xm-l)}f .i.‘}’n“}l} - ¥e now tote

what we have obizined from {g), (b} and (c¢). AL Shat we #st is

/gn Xy h(x

Eut R, ¥ X. Hdznce the thsorem is vrroved.

1)"



hho Asymptotic Form

If we refer to fermula (12) with the

the left member and itler leot n “eco
(1h) ,[)n M) »x Fnxox 1~

et
-]2'- = (/gn %, 1) A nlx) - =
i=1 B - $=1
wnerse
B. L
' 7k kY
(15) Ry, =5 = [n'Pix, +

Alternate forms for the romainder

we refer to formulz (P} ws have
' Pox = AL 2k
R - 2 i n x. th
s ad I
ok ™I 5

Now if we let hix,) =1

on /57 n x we got the followirs form,

(16)/n G{x) = {x +32;)/€nx - X +

If we use the second forrmla for R

B

!
A R . g 2K

9

2k

can he fouvnd.

2k-1 B
= v

1

1

(17) Ry

ek{21-1)

=_

=P

'Y
sddition of g
1
vx . hix )
'!'!'5“};) N S
ma infinite we have
nxynfx) -
B 7 ¢
v . £ \Vul\-
:\TT {éJ n }‘}{:
L 1. 2kl
YVt (.
T

f, for zxamn

1

w3 have

le,

Ww-1) o1 Rer

ny

i.~:’1



This differs from the classical = formila for .n i {x) only
by the absence of ,4;9 n /21 and the oressence of 1. Housver, any
peneral neriodic function can be added to a solution of (10)

and the resvit will stiil be a solution. We consequently add

/Lﬁn V27 < 1 to the rieht merber of forrula {1l). We dsrnote tha
function that we obtain by .4'n [ {x). We have
: h

ﬁl }r(;) - /fi \/::;i:;' x /én X - %+ %{»,Lfn xyhix)

1 & €2 k-2 B (1)
s 2 Z (fax onxn) c S S pada T e nTix
2 .5 i+l i . Te— g} 1 i
i=1 i=1  vwe2
’ 1
N X . \ )
R2k , where R2k is eiven by (15) or (17).
. : o (- 2k-2 .,
We note varticularly frem (17) that x RZk anproaches
g — Y
zero when x becomes infinite. Simee A A ni{x) = hix) £ nig the
Ve .
\ — x ‘
’*\ P {x « hix) = X! {x) *
,, n h
\k_,(

5. Oamma in the Compmlex Plans

Draw a line vara’lal tr the axis of imariraries and distent
g > 0 from it. All veriables are confined to the haif-vlane x > e
We zssume O < )Zf < )h(;;‘j} < T also Re(z + hiz) > 0, We reguire

that h{2) be real when z = = is resl. In addition wve assume that

#  See, for example, Fort nace &7

2



h(z) is analytic over the half-plane in gquestion, We also

assume thot h{x) meeis 21l the requirements previously put

voon it. We let 'fn Z = fn \Atz + y2 + @i where

C,E<(? <g . The points 3

5 are determined by the egustions

i

Ty ™%y By %%y g% h(ziu].)’ i>1,

We write down the exmression.

(1°) ,.ﬂn\ffﬁ-* z/\ﬂnz«.z-!-lf/n zih{z) +

2V
Qo ;
e 2%-2 B
1 L= v g (v-1) j T,
3;2(,4/71 2 1) 4 h(z,) %i.;——,l;rn (z;) | n(zg)
i=1 i} yw?
+ Rv
2k
where
1 -
I T fon ISSTOZ 2wy, Levrl 7o
RZk SRT J or &) 5:4 n (ai + n(zi)t\_n (Zi)_/ at
8] L.~

&11 series anpearing here converge uniformly over the hali-
plane x > e, the first by assumption and the others by easy rroof
(See par. 3). Formula (17) consequently defines &n analytic
function. This function reduces to /( n }];Tx) vhen z i3z real.
This is the same funcition for different valuves of k. Sunpose
that there were two. These two would both be anglytic and each
would reduce to ra:) when z is real. They are consequent"i;w,f

h

identiczl from the seneral theory of analyiic functions, e




denote the funection defined by (i) by ,5; 5 {2). Similsrly
the relation
T 4
-—fﬁ!?‘-z"\m# = AN @ w11l hold for

cormpliex 2 from the general theory of analviic fumcilions.

6. Anchbher %eneralization

Tet us consider the ecgustion
| 7
(19) Aulx) = nx

We write this

Revlacine é?ff_ by ™x) e have

avoroaches zero when x becowes infimite, then {(19) can he solved
as was {10). The solvtion which raduces to r7x) when hix) =1

is a generslization of [(x). The requirements on ¥ nlace further

Z

St : o - <1 X

restrictions on hix). However, if, for examle, h(x) = “r—gmm—eo e
ZA D E <« X

5

= o 3

x> e2 then 211 regquirements are Mlfitled. We call this
1.
i1

wenera'ization [{x). Clearly

il 2
{2)) [(x + hix)) = x [(x).
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